Based on new observations and improved modeling techniques, we have reanalyzed seven Cepheids in the Large Magellanic Cloud. Improved physical parameters have been determined for the exotic system OGLE LMC-CEP-1718 composed of two first-overtone Cepheids and a completely new model was obtained for the OGLE LMC-CEP-1812 classical Cepheid. This is now the shortest period Cepheid for which the projection factor is measured. The typical accuracy of our dynamical masses and radii determinations is 1%. The radii of the six classical Cepheids follow periodradius relations in the literature. Our very accurate physical parameter measurements allow us to calculate a purely empirical, tight period-mass-radius relation that agrees well with theoretical relations derived from non-canonical models. This empirical relation is a powerful tool to calculate accurate masses for single Cepheids for which precise radii can be obtained from Baade-Wesselink-type analyses. The mass of the type-II Cepheid κ Pav, 0.56 ± 0.08M ⊙ , determined using this relation is in a very good agreement with theoretical predictions. We find large differences between the p-factor values derived for the Cepheids in our sample. Evidence is presented that a simple period-pfactor relation shows an intrinsic dispersion, hinting at the relevance of other parameters, such as the masses, radii, and radial velocity variation amplitudes. We also find evidence that the systematic blueshift exhibited by Cepheids, is primarily correlated with their gravity. The companion star of the Cepheid in the OGLE LMC-CEP-4506 system has a very similar temperature and luminosity, and is clearly located inside the Cepheid instability strip, yet it is not pulsating.
INTRODUCTION
Cepheids are probably the most important class of pulsating stars, having proved to be very useful in many different areas of astrophysics. Because of the period-luminosity (P-L) relation they obey, they are important distance indicators in the local universe, providing a fundamental step of the cosmic distance ladder and connecting our Milky Way galaxy to galaxies in the Local Group and beyond. They are also key objects for testing the predictions of stellar evolution and stellar pulsation theories. There are still many challenges to be faced, however.
Any metallicity dependence of the P-L relation (now known as the Leavitt law) will introduce systematic errors in the distance measurements and has to be accurately calibrated. Recent important progress on resolving this issue has been made by Gieren et al. (2018) but further independent tests are desirable.
Another way of using Cepheid variables as distance indicators is the Baade-Wesselink (BW) method, which uses the observed light, color, and radial velocity curves of Cepheids to determine their distances. In any modern implementation of the BW method the dominant source of systematic uncertainty is the so-called projection factor (p-factor) which is needed to convert the observed radial velocities into the pulsational velocities of the stellar surface. Only a handful direct measurements of this quantity have been reported in the literature to date, and the results are still quite confusing. Progress on knowledge of the p-factor, and its possible dependence on stellar luminosity and other parameters, is needed in order to use the BW method as a precision tool.
About 50 years ago after the work of Christy (1968) and Stobie (1969) , it became apparent that the masses calculated from stellar evolutionary theory are higher than the values obtained from pulsation theory, typically by about 20%. Various plausible solutions have been proposed to solve this discrepancy (Bono et al. 2006 ), e.g., extension of the convective core during the main sequence evolution (Cassisi & Salaris 2011) , pulsation driven mass loss (Neilson et al. 2011) , and rotation (Anderson et al. 2014) . The determination of very accurate dynamical masses of Cepheids in eclipsing binary systems has been the key to the solution of this problem.
The so-called K-term was originally measured as a negative (blueshifted) residual Cepheid velocity in our Galaxy (Wielen 1974; Pont et al. 1994 ). Since it is not possible that all the observed Cepheids are moving towards us (with a velocity of about 1-2 km/s), the best explanation is that the effect arises in the Cepheid atmospheres (Sabbey et al. 1995; Nardetto et al. 2009 ). Although pulsations may contribute to this effect, it is probably mostly caused by convective motions (Vasilyev et al. 2017) . A similar convective blueshift is observed for non-pulsating late-type stars as well.
Detached eclipsing double-lined spectroscopic binaries (SB2) provide us with the opportunity to directly and accurately measure stellar parameters such as mass, luminosity, and radius. We can also measure the distance to such systems using almost purely geometrical methods. Although a number of Cepheids in binary systems in our Galaxy were known, for many years no Cepheid in an eclipsing system was found. The breakthrough came with the microlensing surveys, MACHO (Alcock et al. 2002) and OGLE (Udalski et al. 2015) . Some candidates in the Large Magellanic Cloud (LMC) were proposed, but a spectroscopic confirmation was needed in each case to prove the membership of the Cepheids in genuine binary systems.
OGLE LMC-CEP-0227 was the first Cepheid in an eclipsing binary system to be confirmed spectroscopically (Pietrzyński et al. 2010 ) and reanalyzed by Pilecki et al. (2013) using a more advanced method and additional data. Following OGLE LMC-CEP-0227, five other Cepheids have been confirmed and their parameters measured: OGLE LMC-CEP-1812 (Pietrzyński et al. 2011) , OGLE LMC-CEP-1718 A and B (so far the only known system composed of a pair of classical Cepheids (Gieren et al. 2014) ), OGLE LMC-CEP-2532 , and OGLE LMC562.05-9009 . To this list a system containing a peculiar W Virginis star component, OGLE LMC-T2CEP-098, has been added recently (Pilecki et al. 2017b) . A short summary of this subject was presented by Pilecki et al. (2017a) . For all these Cepheids in double-lined eclipsing binary systems, masses, radii, and other physical parameters have been measured with a precision of typically 1-3% which has provided an enormous improvement over previous determinations of these parameters for Cepheids in the Milky Way or the Magellanic Clouds.
Significant recent progress towards a physical understanding of the p-factor in Cepheids has been made. According to a recent theoretical study by Nardetto et al. (2017) the p-factor is composed of three parts: one is related to a geometric projection and the limb-darkening, while two others are related to the dynamical structure of the pulsating atmospheres and in particular to the atmospheric velocity gradient. There are also different observational approaches for the determination of p-factors, with differing advantages. A recent statistical analysis (Storm et al. 2011 ) has strengthened previous indications that the value of the p-factor shows a systematic trend with the pulsation period of the Cepheids, but newer results from direct methods Gallenne et al. 2017) give no clear answer on this dependence.
The largest number of direct measurements of p-factors now arises from interferometric studies and the SPIPS (SpectroPhoto-Interferometry of Pulsating Stars) modeling -a generalization of the Baade-Wesselink method . This methodology has been used to measure p-factors for five classical Cepheids (Breitfelder et al. 2016; Kervella et al. 2017 ) and one type-II Cepheid in our Galaxy. Unfortunately, in the SPIPS method there is a degeneracy between the p-factor and the distance to the star, which limits the precision of the pfactor determinations. This problem is expected to be resolved with the accurate parallaxes expected from the Gaia mission. Measurements obtained from the analysis of Cepheids in eclipsing binary systems, although not as numerous at the present time, are the only ones which provide distance-independent geometrical p-factors.
This work is divided into two segments. The first one is focused on individual targets, including improved models with better accuracy and precision, as well as the measurements of new parameters (e.g. the p-factor). The second segment is dedicated to the analysis of the whole sample, including relations between the measured parameters, such as the mass-radius-period relation for pulsating stars.
OBJECTS
In this study, we have checked and revised the parameters of six Cepheids in eclipsing binary systems in the LMC that have been previously published by our group. Their position in the sky within the LMC is presented in Fig. 1 . Most of them are located close to the galaxy center (names in black), while two are found at a significantly higher distance (names in white). A re-analysis of these Cepheids was warranted because we have been collecting many new observations over the past few years, while simultaneously improving our analysis tools (see section 3).
Among these six classical Cepheids (CC), three pulsate in the fundamental (F) mode and three in the first-overtone (FO) mode. There is also one fundamental mode pulsator (OGLE LMC-T2CEP-098), originally classified as a peculiar W Virginis star, which has characteristics more similar to Anomalous Cepheids than to classical or type-II Cepheids (T2C). Basic information about all of these objects is presented in Table 1 .
One studied object (OGLE LMC562.05.9009) was later included in the OGLE Collection of Variable Stars (OCVS), with the name OGLE LMC-CEP-4506. Although it may spur some confusion, for consistency we will use the latter Note-Source references: OGLE-III (Soszynski et al. 2008) , OGLE-IV (Soszyński et al. 2015a) . F stands for fundamental mode and FO for first-overtone. a System consists of two Cepheids; modes and periods for both are given.
b Known before as OGLE LMC562.05.9009.
c The ID refers to the original OGLE classification, but the star is an outlier, which has more in common with Anomalous Cepheids (Pilecki et al. 2017b ). designation in this paper. As we use the OCVS designations for all of the objects, we will omit the OGLE prefix in the text, with the exception of the table captions.
All of the data used for the analysis of the objects presented in this paper are available on a dedicated webpage 1 .
METHOD AND ANALYSIS
For a detailed description of the method and the analysis steps, we refer the reader to Pilecki et al. (2013) and the papers on other Cepheids that follow. Here we present a short summary of the subject.
Radial velocities (RV) are measured using the Broadening Function method implemented in the RaveSpan code written by B. Pilecki (see Appendix in Pilecki et al. 2017b ) with template spectra taken from the synthetic spectra library of Coelho et al. (2005) . Orbital solutions are then obtained using the same program. In RaveSpan the pulsations are included and fitted, superimposed on the orbital motion. As a result, we have the masses and the system size (scaled by the inclination), the orbital parameters and the pulsational RV curve. The latter is used to model the radius change after scaling with the p-factor.
The photometric data were analyzed using a pulsation-enabled eclipsing modeling tool based on well-tested JKTEBOP code (Southworth et al. 2004) modified to allow the inclusion of pulsation variability. We generate a two-dimensional light curve that consists of purely eclipsing light-curves for different pulsating phases. A one-dimensional light curve is then generated (interpolated from the grid) using a combination of pulsational and orbital phases calculated using the Cepheid and system ephemerides.
From the photometric solution, we have measurements of the period, time of the primary minimum, inclination, fractional radii, eccentricity, argument of periastron, surface brightness ratios, third light (if present), and the value of the p-factor. Various limb darkening parameters are also tested.
Depending on the system, some parameters are taken exclusively from the spectroscopic or photometric solution, although they can be determined from both, e.g. period, time of the primary minimum, eccentricity and the argument of periastron. This is especially important where some information is missing in one data set, for example, when due to the system configuration only one eclipse per cycle can be observed. These issues will be indicated on an object by object basis in the following sections.
To obtain optimal solutions and error estimates, standard Monte Carlo and Markov Chain Monte Carlo (MCMC) samplings are used. . Orbital radial velocity curve for LMC-CEP-1718 with the pulsational variabilities of both Cepheids removed. Short vertical lines mark the phases of conjunction. The eclipse (of the secondary) is seen in the light curve only at inferior conjunction (thick line). Because of the system configuration (see Fig. 7 ), there are no eclipses at the superior conjunction (thin line).
UPDATED MODELS
For most of the systems, we have been able to collect additional data after the latest publication describing that object. For LMC-CEP-1812, only a preliminary study was made and here we present the results from a completely new analysis. For LMC-T2CEP-098, we have not yet collected new data and present here only slightly revised physical parameters based on a new estimate of the reddening.
For the other systems, we have collected from a few to almost forty new spectra. In all cases, all the data were reanalyzed in a uniform way to ensure consistency. There also have been several improvements developed since the first publications which are now incorporated as detailed in the following sections. The new data and better data treatment have resulted in a significant improvement in the accuracy of the solutions for the systems. This is both because of the lower statistical error (more of better quality measurements) and because some sources of systematic errors have been removed.
OGLE LMC-CEP-1718
This very interesting object, consisting of two FO Cepheids, was first detected by Soszynski et al. (2008) in the OGLE data and later confirmed spectroscopically by Gieren et al. (2014) . A preliminary analysis was made in the latter, but the results suffered from various issues. The complicated nature of the system and the poorly covered pulsational and orbital radial velocity curves made it difficult to disentangle the velocities correctly (only 38 spectra were available, with 22 parameters to fit). In addition, only one eclipse is seen in the system.
We have now collected a total of 58 spectra (22 with HARPS, 35 with MIKE, and 1 with UVES). The addition of new spectra allowed us to make a more detailed analysis of the radial velocity curves and correctly disentangle the pulsational and orbital motions of the stars -see Fig. 2 and 3 . Instrumental shifts were also taken into account in the analysis yielding lower scatter of the residual data -the MIKE spectra had to be shifted by -900 m/s in regard to the HARPS spectra. The orbital solution is presented in Table 2 .
Note that we do not differentiate here between the real instrumental shift and any other phenomenon that affects velocities in a similar way. For example, small differences in effective wavelength ranges (weighted by signal to noise ratio) between the instruments may also add to these shifts. To obtain a consistent solution, both period and a reference time of orbital phase 0.0 2 (T 0 ) were taken from the analysis of the light curve, as they can be calculated reliably, even without a good light curve model. T 0 was iteratively calculated from the epoch of the secondary minimum (T sec = 2456701.7737) and the current orbital solution (eccentricity e and argument of periastron ω) until convergence was obtained. This differs from the previous analysis of the system, where T 0 and T sec were fitted separately, potentially leading to incoherent results. . Period measurements for both Cepheids of the LMC-CEP-1718 system. ∆P is calculated with the reference to periods determined from OGLE-III and IV data together, i.e. P = 1.9636627 days and P = 2.4809143 days for the primary and secondary, respectively. A linear period change fitted to both datasets is shown as dashed lines, with the colored areas representing the uncertainties. Horizontal solid lines show the timespan of the individual data sets, while the points mark their weighted averages and the measured periods (with errors). RVC marks periods obtained from the radial velocity curves.
The new solution is consistent with the old model with parameters not differing more than 5%, but with improvements in accuracy and precision. The largest difference, when compared to the old model, is between the masses that suffered from an error in the calculations. The new and correct masses are higher by about 28% (including ∼ 3% due to the improved modeling and new data -compare with the masses in Pilecki et al. 2017a) , making them similar to the masses of the other Cepheids in binary systems presented below. The semi-major axis is now larger by about 5%, which has increased the scale of the system and the Cepheids radii by the same amount. The value of the determined mass ratio (q = 0.988 ± 0.005) is a strong indication that the stars are not of the same mass, with the primary being more massive by about 1%. This observation is important to understand different properties of the Cepheid components and their periods in particular.
With the additional observations it was possible to fit separate systemic velocities for the two components (γ 1 and γ 2 ). The difference between them is a good estimate of the difference between the K-terms of the stars. Our results suggest that the lower mass, longer period Cepheid is more blueshifted by 0.83 ± 0.13 km/s than the primary short period component. Such a residual K-term is interesting as it can be used to study the differences in the atmospheres of these otherwise similar objects.
For the first time, we have also checked for any period change in the component Cepheids. Using combined OGLE-III and OGLE-IV data for the secondary (longer period) component we have detected a significant period decrease at a rate ofṖ 2 = (−18 ± 3) × 10 −9 , whereas the primary shows no period change withṖ 1 = (0.0 ± 2.3) × 10 −9 . Using only OGLE-III data, we obtain similar results:Ṗ 2 = (−12 ± 5) × 10 −9 andṖ 1 = (−5 ± 5) × 10 −9 , but with higher uncertainties. Because of this detection of period change in the secondary the pulsation periods were also fitted in the RV solution, while in general they have been taken from the light curve analysis. These RV periods are in general consistent with the measurements ofṖ 1 andṖ 2 , but the P RV for the primary is somewhat higher than expected perhaps indicating a very slow period increase. More data will be needed to confirm this possibility. The period measurements are presented in Fig. 4 .
The modeling of the light curve of LMC-CEP-1718 is not only complicated because of the two pulsational variabilities superimposed on the eclipsing light curves, but also because only one and shallow eclipse (secondary) is visible in every cycle. This considerably limits the amount of information we can obtain from the modeling and makes it necessary to use all the other sources we have. In particular, the eccentricity and the argument of periastron are well determined from the analysis of the radial velocity curves and we use their fixed values in the light curve modeling to lower the number of free parameters. As a new orbital solution was obtained for this work, the light curve analysis was repeated as well.
In our previous study the surface brightness ratio of the stars was fitted, but as we do not see both eclipses the uncertainty in this parameter is very high. To avoid this problem we have decided to take advantage of both components being Cepheid variables. From the I-band period-luminosity relation (Soszyński et al. 2015a) we can obtain the light ratio of the stars as L IC 21 = 1.361 ± 0.015, and from the empirical period-radius relation (Sachkov 2002 ) the radii ratio of R 21 = r 2 /r 1 = 1.19 ± 0.08. The theoretical period-radius relations (Bono et al. 2001a) give the same value, but with much lower uncertainties. Then the I-band surface brightness ratio can be derived:
In the light curve modeling we have used both the calculated surface brightness value and the radii ratio. This step introduces quite a significant uncertainty, as we are not relying on the measurements for the given object, but on the statistics of similar objects, so the assumption that they are of the same type is necessary. But as the pulsational light curves of the components are typical for first-overtone classical Cepheids (see Fig. 5 ) and the sum of the light of the both Cepheids matches the observed light of the system very well, we conclude that this is a safe assumption. Moreover, an alternative solution without these constraints is very unrealistic, resulting in the position of one Cepheid significantly below and the other significantly above the P-L relation for FO classical Cepheids.
The parameters obtained from this new light curve model (see Fig. 6 ) differ slightly from the ones obtained in Gieren et al. (2014) . The inclination is significantly lower and the sum of the relative radii (0.128 ± 0.003) significantly higher than in the previous solution. The time of the secondary eclipse was also calculated from the model and then used to obtain the orbital solution in an iterative way.
Eventually, we calculated the physical parameters using both the orbital solution and the light curve model. They are presented in Table 3 . The derived masses are similar to but slightly higher than the masses of the other Cepheids in binary systems we have analyzed so far. The radii of the stars are also close to what we expect for FO classical Cepheids of these periods (or rather their sums). From the theoretical radii for FO Cepheids provided by Bono et al. (2001a) we obtain 64.9 ± 0.9R ⊙ and 59.5 ± 0.8R ⊙ for their canonical and non-canonical models, respectively. Our sum 60.9 ± 1.5R ⊙ falls between both, but is in better agreement with the non-canonical ones. In these models convective core-overshooting during hydrogen-burning phases was taken into account. The sum of the radii obtained from Sachkov (2002) , i.e. 57 ± 5R ⊙ , is lower but consistent with our value, within the errors. The configuration of the system during the superior and inferior conjunctions is presented in Fig. 7 .
Using these results we can try to draw a possible scenario of the evolutionary state of the components of LMC-CEP-1718. The evolution of the higher mass primary should be more advanced than that of the secondary. However, despite the very similar temperatures, the secondary is more luminous than the primary, meaning that the evolution of the secondary also has to be more advanced. The mass difference is small enough that this inconsistency might be explained by additional processes, such as mass loss, convective overshooting, or rotation. In principal, the period change measurements may be used as an indicator of the evolutionary state. In this case the measured values could be interpreted as indicating that the primary is located close to the turning point of the blue loop, where the radius is the smallest, while the secondary is moving blueward on the blue loop. This explanation is consistent with the characteristics of the primary: with its small radius (as compared to other Cepheids) it may indeed be located just before or at the blue extreme of the loop. In the case of the secondary the situation is much more complicated. The period decrease and the lower mass are inconsistent with its current position on the HR diagram. However, random period fluctuations on the time scale of the OGLE-III and OGLE-IV observations are common among the Cepheids in the LMC (Poleski 2008) . It is then reasonable to conclude that the evolution of the secondary is more advanced and that even though it is slightly less massive, it has already passed through the turning point of the blue loop. 
OGLE LMC-CEP-1812
0.125 ± 0.015 mag a Calculated from the sum and ratio of the radii.
b Radii ratio calculated from the period-radius relations for first-overtone Cepheids.
LMC-CEP-1812 is the second classical Cepheid that was confirmed to be a member of an eclipsing binary system, and for which the dynamical masses and other physical parameters were determined (Pietrzyński et al. 2011) . The state of the evolution of the system is unclear, in part because there is a large mass difference between the stars, yet they are in a relatively short stage of common giant phase evolution which they should have normally entered after 190 and 369 Myr, respectively. Neilson et al. (2015) suggested that the system was originally a triple and the current Cepheid is a merger of two lower mass components of an inner binary. They have also proposed that the Cepheid is crossing the instability strip for the first time, which is quite a rare phenomenon as typically only a few percent of the Cepheids should be found at this stage (Neilson et al. 2012 ). Moreover they suggested that being a merger, the pulsator may be an Anomalous Cepheid (AC), although it would be a very rare (short-lived) example of a massive AC, which could be identified only because of its binarity. In this case it is not clear if the star should have properties very different from those of classical Cepheids. For example its light curve shape is typical for a classical Cepheid of this period -see Fig. 5 .
The initial analysis of this object (Pietrzyński et al. 2011 ) used an approximate eclipse light curve model which did not include pulsations. In that model, the pulsations were iteratively subtracted. We have reanalyzed this system using the approach of Pilecki et al. (2013) for the Cepheid LMC-CEP-0227. Because of its complexity the full analysis of this system will be presented in a separate paper. Here we will only outline the modeling and present the main results.
We have started with the analysis of the periodicity. From the most numerous I-band data (OGLE+EROS) we have measured a period P IC = 1.31290385 (22), while from the longest timespan V-band data (MACHO+OGLE), P V J = 1.31290372(15), assumingṖ = 0. For the same data sets we have also determined period changesṖ IC = (1.1 ± 1.8) × 10 −10 andṖ V J = (3.2 ± 1.4) × 10 −10
. Note that the average observation date for the I-band data set falls 2000 days after the V-band data, and the difference between P IC and P V J (although within uncertainty limits) can be as well an effect of a positive period change of the order of 10 −10 . Although not statistically significant individually, these three observables together indicate that the pulsation period of LMC-CEP-1812 may be indeed increasing, which would be also consistent with the current evolutionary picture in which the star is crossing the Hertzsprung gap, moving redward on the HR diagram, with its size increasing correspondingly (see also Section 5.2). However, for the purposes of this analysis we can safely assume that the period of the Cepheid is not changing.
To improve the orbital solution we have reanalyzed all the collected spectra, including 9 new observations. In total, we have used 73 spectra (32 MIKE, 28 UVES, 13 HARPS) and have measured 73 radial velocities for the Cepheid and 68 for the companion (not all of the spectra were of good enough quality and/or taken at good phases to measure a secondary velocity). Instrumental shifts were also fitted using HARPS spectra as a zero-point. We obtained a -0.5 km/s shift for MIKE and +0.55 km/s for the UVES.
The reference time of phase zero is calculated from the time of the primary minimum, while the eccentricity (e) and the argument of periastron (ω) were taken from the photometric solution. For comparison we have also derived e = 0.125 and ω = 147.6 directly from the orbital solution fixing only the times of the eclipses. Although these values are different by about 1.5 σ from the photometric solution, this has marginal influence (less than 0.5 σ) on the derived physical parameters. We have adopted the values of e and ω from the photometric solution. The orbital solution and the pulsational radial velocity curve are presented in Fig. 8 and the orbital parameters in Table 4 .
The difference between the γ velocities of the components of this system is (−0.16 ± 0.12 km/s) and is much smaller than for the other Cepheids in eclipsing binaries presented in this study. The small value here may be related to the lowest radius (or highest log g) among the sample.
In the previous study only the OGLE I-band light curve was modeled. This time we have not only used a more advanced method, but also extended the data by the OGLE V-band and MACHO V and R-band photometric time series, and thus we expect the results to be more reliable and accurate.
From the analysis of images obtained with the Hubble Space Telescope 3 and initial modeling trials we found that the OGLE-IV I-band photometry had an incorrect base value of the flux 4 , which was probably related to crowding (see Fig. 9 ). To reconstruct the eclipse depths, a very strong negative third light would have to be applied, as the derived inclination is already very close to 90
• . We decided to shift the OGLE-IV and OGLE-II data both in flux and magnitude to fit the OGLE-III data. Moreover all the light curves (including the MACHO data) were corrected for long-term brightness variations (including an annual variation). We have also detected cyclical phase shifts related to the orbital motion. This effect (known also as a light-travel time effect or LTTE) was taken into account in the model.
Apart from the new modeling approach, the largest difference between the earlier and present models is the determination of the contribution of third light. In the previous study third light was assumed to contribute 10% of the system light in the I-band as estimated from the spectra. In the current analysis the third light is a free parameter fitted during the modeling. In spite of the highly crowded neighborhood, the OGLE-III photometry (to which we transformed the OGLE-II and OGLE-IV data) showed a relatively low additional light of about 2-3 % depending on the band, i.e. much less than assumed before. On the other hand, the MACHO light curves suffered significantly from the blending with nearby stars -we detected about 8% and 15% of the third light in their R and V bands, respectively. It shows that the previous assumption for the extra light was justified and only the quality of the OGLE-III photometry and flux calibration made this contribution lower than expected.
The final light curve model is shown in Fig. 10 . In the new solution the precision and accuracy of the measured parameters values was significantly improved and a new geometric p-factor value was determined. We have now three classical Cepheids with the projection factor measured in this way. The value p = 1.26 ± 0.08 is consistent with the values obtained with the interferometry and the SPIPS method (Mérand et al. 2005; Breitfelder et al. 2015 Breitfelder et al. , 2016 Kervella et al. 2017; Gallenne et al. 2017) , as well as with theoretical predictions (Nardetto et al. 2009 ). The value lies between our other measurements of 1.21 for LMC-CEP-0227 and 1.37 for LMC-CEP-4506 (for details see the following sections). It is also in perfect agreement with the value obtained in 2 dimensional simulations of a Cepheid of period 2.8 days (Vasilyev et al. 2017) .
In general, in the light curve modeling the third light is correlated with the inclination and the sum of the radii as these parameters are sensitive to the depth of the eclipses. The lower adopted value of third light (deeper eclipses) is compensated by a lower inclination (shallower eclipses), while the final sum of the radii has not changed significantly. However, the change of the ratio of the radii is significant, increasing the derived radius of the Cepheid by 2.6% and decreasing the radius of the companion by 2.3%. The masses follow the same trend, although the effect is much smaller. The properties of the system and the physical parameters of the components are presented in Table 5 .
From the empirical period-radius relation of Gieren et al. (1999) we estimate the radius of the Cepheid to be 16.8 ± 1.0R ⊙ . This value is consistent with the measured radius within 1 σ, although this relation was derived for Cepheids with periods longer than 4 days, and assuming the value of the p-factor from the relation p = 1.39 − 0.03 log P . There seems now to be a general consensus between the observational and theoretical studies that p-factor values are typically lower (close to 1.3 on average) although a significant internal scatter is seen (Gallenne et al. 2017) . The dependence on the method used is also likely to play a role (Gieren et al. 2013 ). If we correct the radius to account for the lower p-factors we obtain an even lower value (15.3 R ⊙ for p=1.26 and 15.8 R ⊙ for p=1.3) which is inconsistent with the observed geometrical radius.
OGLE LMC-CEP-2532
LMC-CEP-2532 is a first-overtone Cepheid (P=2.035 days) in a long-period eclipsing binary system (P=800.4 days). Unfortunately, as in the case of LMC-CEP-1718, due to the eccentricity and the orientation of the orbit we see only one eclipse per orbital cycle. Nevertheless, because there is only one pulsating star in the system and the eclipse is deeper (about 0.35 mag) than for LMC-CEP-1718 (0.09 mag), the analysis is much simpler and not as many assumptions are necessary. This makes this system the only one known to host a first-overtone Cepheid for which fully independent physical parameters can be measured. In the new OGLE photometry there are no new eclipses observed, neither do we have new photometry from other sources for this system. Therefore, we have only analyzed the new spectroscopic data (acquired with MIKE) and used the new orbital solution to calculate the physical properties of the Cepheid. Comparing with the previous analysis we had 8 new radial velocity measurements, while one old measurement was discarded because of bad quality. Although the additional spectroscopic observations are few in number they have an important impact on the solution as they were taken close to the quadratures at the missing pulsation phases. The improved analysis further enhanced the quality of the results. Instrumental shifts in the radial velocities were estimated by minimizing the rms values in the orbital fits. Shifts of 500 m/s (HARPS), -600 m/s (MIKE), 350 m/s (UVES) were applied to the measurements.
We adopted a 7-order Fourier series to describe the pulsational variation, as higher order fits result in over-fitting of the pulsation curve. In Fig.11 both the orbital and the pulsational radial velocity curves are shown. Note the high eccentricity and the unfortunate orientation of the orbit for which the conjunctions happen close to the lowest and highest separations of the stars (the periastron and apastron phases). A large K-term was detected for this Cepheid. The value −1.3 ± 0.4 km/s makes it one of the highest values in our sample.
The orbital solution is presented in Table 6 , and the resulting physical properties of the stars in Table 7 . The measured radius 29.2 ± 1.4 R ⊙ falls between the theoretical radii for FO Cepheids from Bono et al. (2001a) for canonical (30.4 ± 0.4R ⊙ ) and non-canonical (28.0 ± 0.4R ⊙ ) models. The radius is also in good agreement with the radius from the empirical relation of Sachkov (2002) , i.e. 27 ± 4R ⊙ , which is lower but consistent within the errors with the value we have obtained in this study. Note-For the Cepheid, the spectral type, radius, gravity (log g), temperature, luminosity (log L) and the dereddened magnitudes and colors are mean values over the pulsation cycle. LMC-CEP-0227 is the first spectroscopically confirmed classical Cepheid in an eclipsing binary system that was analyzed in detail by Pilecki et al. (2013) . It pulsates in the fundamental mode with a period of 3.797 days and its orbital period is 309.7 days. Because of its brightness and the almost perfect orientation of the orbit, this object is perfectly suited for testing pulsation and stellar evolution theories, as the physical parameters of the Cepheid and its companion can be determined with very high precision and accuracy.
OGLE LMC-CEP-0227
Unfortunately, due to a change in observing strategy, the OGLE project photometry after the year 2012 is very scarce. In the I-band there are only 6 points inside the eclipses, while for the V-band there is only 1 measurement. As the inclusion of these data points should not significantly change the solution, we decided to not repeat the light curve modeling and focus only on the radial velocity measurements to improve the orbital solution.
We have obtained a significant number of new spectra with various instruments, 20 with UVES, 3 with MIKE and 13 with HARPS. The total data set consists of radial velocities for 152 epochs. The new data improve phase coverage around the first quadrature (we had no observations at phases 0.2-0.4 before). We have fitted the instrumental shifts by minimizing the rms values for the orbital fits. We adopted the HARPS velocities as a reference, and applied shifts of -650 m/s to the MIKE data and 200 m/s to the UVES data to match the HARPS system.
The resulting orbital and pulsational radial velocity curves are shown in Fig.12 . The new orbital solution is presented in Table 8 . We have confirmed the significant and strong K-term (Pilecki et al. 2013 ) -the Cepheid's systemic velocity is blueshifted by 1.12 ± 0.12 kms −1 . This value is not affected by the instrumental shifts, which further enforces the result as a real effect.
The corresponding physical parameters are presented in Table 9 . As we did not model the system again, the main changes are related to the orbital solution, with the secondary mass being significantly lower than before. All the other parameters are consistent with the previous results. The Cepheid radius is in excellent agreement with the value 34.7 ± 2.1R ⊙ obtained from the empirical period-radius relation of Gieren et al. (1999) . Evolutionary models have been constructed for LMC-CEP-0227 by various authors. Cassisi & Salaris (2011) suggested that using extended convective cores (as calibrated independently from the morphology of color-magnitude diagrams of open clusters -see also Pietrinferni et al. 2004 ) and canonical mass loss (η = 0.4) one can obtain excellent consistency with the dynamical mass and explain the evolutionary status of the system. Similar results were obtained by Prada Moroni et al. (2012) . However, in both of these models it was assumed that the companion was more massive and more evolutionary advanced than the Cepheid. According to the new results of this paper, this assumption is no longer justified, and these models should be revisited.
OGLE LMC-CEP-4506
LMC-CEP-4506 is a classical fundamental mode Cepheid in an eclipsing binary system which was known as OGLE LMC562.05.9009, before it was included in the OGLE Collection of Variable stars (Soszyński et al. 2015b) . It was confirmed to be physically bound in a binary system and analyzed by Gieren et al. (2015) .
The binary has a very long orbital period (P=1550d) and very eccentric orbit which makes it difficult to collect welldistributed spectroscopic data. Analysis of the orbit is very challenging, as at apastron, where the orbital velocities are low, the profiles are blended for a large part of the pulsational cycle -see Fig. 13 . Moreover, with a pulsational period of almost exactly 3 days, it is very difficult to achieve uniform coverage of the pulsational RV curve. The lack of spectroscopic data around the phases corresponding to apastron (0.1 to 0.4) could also in principle affect the mass ratio determination. Fortunately, the orientation of the eccentric orbit breaks the degeneracy between the systemic velocity and the amplitude because of the spiky maximum.
In the current study we have used 38 UVES, 34 MIKE (including 12 new observations) and 10 HARPS spectra. Some of the spectra with blended profiles that were used in Gieren et al. (2015) were excluded from the current analysis as they were no longer needed to fill in gaps in the pulsational phases. In total we have 82 independent data points, compared to 78 used in the previous analysis. Note-The spectral type, radius, gravity (log g), temperature, luminosity (log L) and the dereddened magnitudes and colors are mean values over the pulsation cycle. Figure 13 . Same as Fig. 8 , but for LMC-CEP-4506. The gray area marks the velocity range due to the changes in the pulsational radial velocities of the Cepheid. One can see that only for about 10% of the 4.25-year orbital period (phases 0.7-0.8) the whole pulsation cycle can be observed without problems.
We have used HARPS data as a reference to calculate instrumental shifts in the radial velocities, adopting shifts of -450 m/s (MIKE) and 200 m/s (UVES). The final separated radial velocity curves are presented in Fig. 13 . No significant K-term was detected and a single systemic velocity was adopted. We have fitted the orbital parameters fixing the timing of the primary and secondary eclipses taken from the light curve model. The parameters are presented in Table 10 . The resulting updated physical parameters are shown in Table 11 . From the empirical period-radius relation of Gieren et al. (1999) we obtain a Cepheid radius of 29.5 ± 1.8R ⊙ , which is in very good agreement with our measured value. As the data for the object come mainly from the OGLE-IV project we have recalculated the reddening using P-L relations based on the OGLE-IV catalog of classical Cepheids. From the recalculated colors of the stars we have obtained a small difference for the temperatures of the components. The new solution does not solve the problem of the non-pulsating secondary, as discussed in Gieren et al. (2015) . Although both stars are located well within the instability strip, only the primary is pulsating. The easiest solution would be that for some reason the temperature is lower than the estimated 6070 K, but a value as low as 5650 K would be necessary, which is quite unlikely, being 2.8 − σ away.
The LMC-CEP-4506 system is a very promising target for future studies. Apart from the observational problems related to the orbital and pulsational period, the brightness of the system and the deep eclipses make it one of the best examples for studying the structure and evolution of Cepheids and stars in general. Observational efforts should be concentrated during the short duration when the eclipses occur (for photometry) and the orbital velocities are well separated (for spectroscopy). As we have a good quality light curve for only one orbital cycle at the moment, new photometry will be a crucial ingredient for improving the solution, and especially to reduce the current uncertainty in the determination of the p-factor.
OGLE LMC-T2CEP-098
This star was the first candidate for a Type II Cepheid in a binary system that was studied by our group, but eventually happened to be an outlier not belonging to any particular Cepheid group, although some similarities with the Anomalous Cepheids were noted.
As a third body influence was detected from the radial velocities of the Cepheid it is important to keep monitoring the system and analyze it again, once the greater part of the outer binary period is covered. It will be also important to have better coverage of the pulsational radial velocity curve to be able to measure the pulsation period more precisely.
Although in principle possible, from the collected data we could not measure the radial velocities of the Cepheid companion. Long-time exposures at carefully selected orbital and pulsational phases should help resolve this problem and let us directly measure the masses, and compare them with the current model. Note-The spectral type, radius, gravity (log g), temperature, luminosity (log L) and the dereddened magnitudes and colors are mean values over the pulsation cycle.
The physical parameters of our current best model are presented in Table 12 . Compared to the work of Pilecki et al. (2017b) we have used a slightly higher reddening E(B-V)=0.14, as indicated by a comparison of values obtained from Haschke et al. (2011) with the values obtained for other Cepheids in the current work. As LMC-T2CEP-098 does not seem to obey any known period-luminosity relation, we could not use the same method as for other stars directly.
SUMMARY AND DISCUSSION
We have analyzed five eclipsing binary systems with classical Cepheids and one with a Cepheid of uncertain type (LMC-T2CEP-098 5 ). Pulsation modes and periods, masses, radii and the p-factor values for these Cepheids are given in Table 13 . The period range for the fundamental mode Cepheids and the sample size are both too small to obtain well defined relations, but these results allow us to test existing relations. Unfortunately the first-overtone Cepheids are clumped at almost the same period and for all of them only one eclipse per cycle is visible, making the solutions somewhat uncertain. Nevertheless we could obtain some very interesting results for the sample as a whole.
5.1. Cepheid Period-Luminosity, Period-Radius, and Period-Mass-Radius Relations Our sample of classical Cepheids on the period-luminosity relation for classical Cepheids is shown in Fig. 14. This study confirms previous classification. Although originally lying considerably above the relation (empty squares), after subtraction of the companion light they move onto their respective PL relations (fundamental and first overtone mode). In the case of LMC-CEP-1718 the light ratio was taken from the relation, but the total light is the observed value. As we do not see any vertical shift, our assumption that both components are first-overtone classical Cepheids is confirmed.
In Fig. 15 we show the position of our sample of Cepheids on the period-radius plane. First-overtone Cepheids lie between the canonical and non-canonical relations of Bono et al. (2001a) . Although the uncertainties are large, our results are more consistent with the latter, indicating that convective core-overshooting during hydrogen-burning 
0.14 ± 0.03 mag orbital period 397.178 ± 0.003 days semimajor axis 460 ± 6 R⊙ Note-The spectral type, radius, gravity (log g), temperature, luminosity (log L) and the dereddened magnitudes and colors are mean values over the pulsation cycle. Note-OEPC -one eclipse per cycle, SB1 -single-lined spectroscopic binary. Uncertainties in the last one or two digits are given in parentheses. a Fundamental mode period from a pulsation theory model for a given FO Cepheid.
b Outlier located between CC and T2C, probably a long-period Anomalous Cepheid.
phases should be taken into account. We find excellent agreement for the fundamental mode Cepheids, although LMC-CEP-1812 seems to be somewhat over-sized for its period. It is important to note that the relation of Gieren et al. (1999) was obtained for a sample of Cepheids with periods longer than 4 days, and we are relying on an extrapolation to this range. We have also a good agreement with a recent relation by Gallenne et al. (2017) . The colored areas mark . Period-luminosity diagram for Classical Cepheids. The Cepheids are marked with red circle or triangle, while the system brightness is marked with a square. Note that for LMC-CEP-1718 the light ratio was taken from the P-L relation itself, but the total light comes from the observations. Linear fits to fundamental and first-overtone sequences are also shown.
the theoretical relations for stars crossing the instability strip for the third time (Anderson et al. 2016 ). The relations for Z=0.006 and an average initial rotation rate (their Table 5 ) for Cepheids pulsating in both modes are shown. As we can see, the inclusion of convective core-overshooting is not the only way to improve the models. We would like to point our here that in general the theoretical studies were focused on higher mass (>5 M ⊙ ) and longer period (>4 days) Cepheids. Observational data is also biased towards higher radius/period stars. In the case of binary systems, it is more probable that a less massive, smaller star survives the red giant phase, thus shorter period Cepheids are expected to be found preferentially. To take full advantage of the results from the analysis of Cepheids in eclipsing binary systems, theoretical efforts focused on low-mass (∼4 M ⊙ ) classical Cepheids should be undertaken. It would be also valuable to obtain radii of shorter period stars from interferometric observations for comparison.
Using the periods, masses and radii of the Cepheids analyzed in this study, we have fitted a PMR relation in the form log P = a + b log M + c log R and obtained: log P MR = −1.555(35) − 0.795(44) log M + 1.703(23) log R, where P MR , M and R are expressed in days, M ⊙ and R ⊙ , respectively. The rms scatter of the relation is 0.037 for the whole sample and 0.003 when only fundamental mode Cepheids are taken into account. Our fit and the data used for fitting are shown in Fig. 16 . For the first-overtone pulsators, their corresponding fundamental mode periods (P F ) were taken as calculated by Taormina et al. (2018) using the pulsation code of Smolec & Moskalik (2008) and assuming [Fe/H] = -0.5 dex. They are given in Table 13 . The parameters of this relation are mostly defined by the parameters of the three fundamental mode classical Cepheids, which are the best measured and reliable ones, but they do describe well all the other variables in our sample. Except the intercept coefficient (a), the others (b,c) are consistent with the coefficients of relations given by Bono et al. (2001b) and once again the consistency is moderately better with the non-canonical relation.
The current empirical calibration of the PMR relation will be very important for determining the masses of single Cepheids for which the period is easily measured, and the radius can be determined from interferometric or spectrophotometric observations from a Baade-Wesselink analysis. The tightness of the relation is especially promising, and although more data points for shorter and longer pulsation periods are important to strengthen the relation, it can be used with confidence for a wide range of periods (i.e. about 1.25 to ∼10 days).
As an example of the use of the relation in Table 14 we present masses for Galactic Cepheids for which radii were measured with the SPIPS method by Breitfelder et al. (2015 Breitfelder et al. ( , 2016 and Kervella et al. (2017) . These radii are systemically lower than those of our LMC Cepheids for their corresponding periods (see Fig. 15 ), which is consistent . Difference between the period calculated from the PMR relation (log PMR) derived in this paper and the observed period (log P obs ). The relation is based mostly on three fundamental mode classical Cepheids, but agrees well with all the pulsating stars in the sample. For the first-overtone pulsators their corresponding fundamental mode periods (PF ) were used. The rms scatter of the relation is 0.037 for the whole sample and 0.003 for fundamental mode Cepheids only. Note-Periods, radii and p-factors taken from Breitfelder et al. (2015 Breitfelder et al. ( , 2016 and Kervella et al. (2017) . Masses calculated using the PMR relation derived in this paper. Uncertainties in the last one or two digits are given in parentheses. a Statistical and systematic errors are given.
b Value should be used with caution because of strong extrapolation.
with the higher metallicity of the Milky Way Cepheids and results in their lower masses. We note that the calculated mass of the Type II Cepheid κ Pav, 0.56 ± 0.08M ⊙ , is in very good agreement with the masses expected for this type of variables, i.e. 0.5 − 0.6M ⊙ (Wallerstein 2002; Bono et al. 1997 Bono et al. , 2016 . The values obtained for the two classical Cepheids with the longest periods are strongly extrapolated and should be treated with caution, as both periods and radii are far outside of parameter ranges covered by our sample.
Evolutionary Status
The position of the Cepheids and their companions on the Hertzsprung-Russell diagram is shown in Fig. 17 . Edges of the instability strip (IS) were determined from a model grid computed with the linear convective pulsation code of Smolec & Moskalik (2008) . All models assume [Fe/H]=-0.5 and the mass-luminosity relation derived from the blue-loop evolutionary tracks of Georgy et al. (2013) .
Most of our binary systems have mass ratios very close to unity, which increases significantly the probability of finding their both components inside the IS. In our sample there are two such systems. In the case of the LMC-CEP-1718 system, both components indeed pulsate in the first-overtone mode. However, in the other similar system, LMC-CEP-4506, only the primary pulsates, while its companion (with the suffix B in the plot) is a stable star. This situation can hardly be explained with the observational errors as it resides in the center of the IS, and parameters very different from the derived ones would be required to move the star out of the IS and make it stable against pulsations.
In the case of LMC-CEP-0227 and LMC-CEP-2532 the companions are cooler and probably less evolutionary advanced, which is also supported by their masses being slightly lower than those of the primary components. The companion of LMC-T2CEP-098 is much brighter and hotter than the pulsating variable star, while the companion of LMC-CEP-1812 is cooler and much fainter.
An evolutionary track for a star with a mass of 4 M ⊙ and metallicity [Fe/H] ∼ -0.5 is also shown in the plot as a reference. The position of LMC-CEP-1812 is clearly distinct from the other Cepheids, confirming the conclusion that it is crossing the instability strip for the first time. The evolutionary state of the LMC-T2CEP-098 system cannot be explained without a binary interaction event in the past, as the apparently more evolutionary advanced pulsating component is 4.5 times less massive than its hot companion.
P-Factors for Cepheid Variables
In our method, the instantaneous radius of the star is a function of the p-factor, and the light curve shape depends on it. Depending on the p-factor, eclipses in the model may start or end earlier or later, and the amplitude of light variation during the eclipses is also affected. It is the only direct and geometric method of determining the projection factor applied so far.
In this work we have presented the third measurement of the p-factor value for a classical Cepheid variable in a binary system. All measurements of this factor are presented in Table 13 . Although various period -p-factor relations have been proposed in the literature (Nardetto et al. 2009; Storm et al. 2011; Gallenne et al. 2017) , we cannot see any clear corresponding trend in our data. We have to admit however that the period range covered by our sample of Cepheids is relatively small -see Fig. 18 .
Nevertheless, some observations can be made regarding the sample. Comparing the Cepheids with the highest (LMC-CEP-4506) and lowest (LMC-CEP-0227) p-factor we find that although the periods are quite similar, the former has a significantly lower mass and a lower pulsational RV curve amplitude (A RV ) -see Table 13 . The p-factor of LMC-T2CEP-098 is moderately high, while the star has the lowest mass and exhibits the highest RV amplitude. Two stars with the same RV amplitudes (T2CEP-098 and CEP-1812) have quite similar p-factors and anti-correlated masses and periods. This suggests that the p-factor may depend not only on the period, but perhaps also on RV amplitude and the mass of the pulsating star (the dependence on the latter was already suggested by Pilecki et al. 2017a) . Individual fits to only the mass or only the RV amplitude show a clear trend with only one, different outlying star in each case. However, we do not have yet enough data points to fit a two-parameter relation. Figure 18 . Period -p-factor diagram. No correlation is seen neither for our eclipsing binary LMC Cepheids, nor for the Galactic ones. For MW Cepheids, the total uncertainty is shown in a lighter blue color, while the statistical part is marked with a darker one. A histogram for all p-factor values is shown on the right.
We have also checked if any similar relation is seen when the Galactic Cepheids (except the two longest-period ones) from Table 14 are added. Although the masses are not as precisely determined, the errors are highly correlated (meaning no significant relative shifts between the stars) and as the relation used to obtain them was based on our mass determination, they should be also consistent with our measurements.
In Fig. 18 one can still not see a clear period-p-factor relation, while a more structured and ordered distribution is seen in a radius-p-factor and mass-p-factor diagrams (in the latter low mass stars are also excluded), which are shown in Fig. 19 . In the range of 3.5 to 4.2 M ⊙ indeed the results for Cepheids analyzed with the SPIPS code confirm the observations made above for our eclipsing binary Cepheids, but for the entire mass range displayed in the plot, i.e. 3 -5 M ⊙ , the general trend is rather reversed -higher mass Cepheids have higher p-factors. There is an interesting group of three stars with low p-factors and very similar radii -RT Aur, FF Aql and LMC-CEP-0227 (see the right panel). The high p-factor value of T Vul, if confirmed, also looks exceptional. Regarding the radius-p-factor diagram, one may also consider two separate groups, one with the p-factor increasing from LMC-CEP-1812 to T Vul and another starting from RT Aur and FF Aql and ending at ζ Gem. No significant correlation between the p-factor and A RV is seen for the Galactic Cepheids sample.
Although more studies and more data points, as well as higher-precision p-factors, will be necessary to obtain a definite answer, these results suggest that the p-factor dependence might not be so simple, and that additional parameters need to be included to correctly predict the p-factor value of a specific Cepheid. Perhaps the evolutionary state also needs to be considered.
K-Terms for Cepheid Variables
As the Cepheids in our study are members of binary systems we cannot study the K-term directly, but rather a differential K-term which depends on the parameters of both components. In our analysis, it is represented by the difference of γ-velocities of the components. We have found that whenever the primary has higher log g than its companion, ∆γ is high, while when the companion has higher log g, ∆γ is close to zero. This suggests that although the gravity may be the main factor, pulsations may also contribute to the effect, i.e. the K-term for the Cepheid is higher than the K-term for a stable star of similar gravity. This however may also be an effect of temperature, as the stable secondaries are in general cooler.
We have fitted a relation that depends on log g and T and obtained the following formula: ∆γ = 10 × (1.13 × (log g 2 − log g 1 ) + 0.73 × (log T 2 − log T 1 )).
We have also checked a relation based on only M and R, and obtained: Figure 19 . left: Mass -p-factor diagram in the 3-5 M⊙ range. right: Radius -p-factor diagram. The uncertainties are marked as in Fig. 18 . There is an interesting group of three stars with similar radii and low p-factors (RT Aur, FF Aql and CEP-0227).
The high value of T Vul also looks exceptional, but for the moment the uncertainty is very high. The relations are presented in Fig. 20 . Both work well, but the first gives a better fit, as the latter does not explain well the very strong effect for LMC-CEP-2532, for which a temperature term is needed.
CONCLUSIONS
Based on new spectroscopic and photometric data and updated models we have obtained improved physical parameters for seven previously analyzed pulsating stars, six of them classical Cepheids, all being components in eclipsing binary systems in the Large Magellanic Cloud.
The physical parameters of the Cepheids, particularly their masses and radii, are of a unique accuracy, typically of 1%, and will lead to an improved understanding of stellar pulsation and the internal structure and stellar evolution of these stars. With this set of high quality mass, radius and temperature determinations for a sample of classical Cepheids at hand, we can start looking for relations that connect the parameters of the stars. Below we present the main conclusions we have learned from the present analysis.
• All of our mass measurements for Cepheids are consistent with the expectations of pulsation theory.
• Different solutions have been proposed for resolving the Cepheid mass discrepancy problem, and our precise measurements will contribute to understanding which parameters of non-canonical models lead to predictions of the evolutionary theory closest to the observations.
• LMC-CEP-1718 is a particularly interesting system, the only one known to have two Cepheids orbiting each other. The masses of both Cepheids are now determined with an accuracy of 1% each, and we establish that the masses are slightly different, with the primary, shorter-period Cepheid being by about 1% more massive than the longer-period Cepheid in the system, which has a larger radius. These characteristics make the evolutionary state of the components difficult to understand, unless some mass loss or enhanced evolution rate is taken into account.
• At the moment the only anomaly we see for LMC-CEP-1812 is a radius which is slightly larger than expected, which however not justify any change in its classification yet. Its strange evolutionary state makes it however an interesting object for further study.
• The evolutionary models of LMC-CEP-0227 should be updated, as all former studies assumed the companion to be the more massive and more advanced in its evolution. This is no longer valid as our new model strongly indicates that the Cepheid is slightly more massive than its companion. LMC-CEP-0227 is a fundamental mode pulsator and its mass and radius are now determined with an accuracy of about 0.4% each, making this classical Cepheid the object with the most accurately known physical parameters of its class.
• The new solution for LMC-CEP-4506 does not solve the problem of the non-pulsating secondary, which is located well within the instability strip. More observations and a more sophisticated analysis may help to resolve or confirm this enigmatic finding.
• From our mass and radius data, we have determined a precise period-mass-radius relation for classical Cepheids. Compared with theoretical period-mass-radius relations our result seems slightly more consistent with noncanonical models. This empirical period-mass-radius relation can be used to estimate masses of Cepheids for which a dynamical mass cannot be directly measured (i.e. for single stars).
• The mass of κ Pav (0.56 ± 0.08M ⊙ ) derived using this relation may be treated as a first fully observational (though not direct) measurement of a mass of a type II Cepheid.
• As expected, there is no difference between the first-overtone and fundamental mode classical Cepheids comparing radii and masses and their dependence on period. The only discriminant between the modes is temperature.
• The p-factors measured for our sample show a significant scatter, indicating that some intrinsic dispersion is present and the results from the SPIPS method for a wider period range are consistent with our conclusions. Possible correlations with mass, radius and radial velocity amplitude are suggested, but the presence of more structured correlations also indicates that the p-factor may depend on many individual properties, and maybe even on the evolutionary state.
• We found that to the first order the K-term is correlated with the gravity (or a combination of radius and mass in general) of the star, but that the pulsations and temperature may further enhance the effect.
Although a significant amount of data was already collected for all of these Cepheids, there are still many things we can learn from them. More advanced studies of the selected systems are planned once additional spectroscopic and photometric observations are acquired. 
